For a harmonic oscillator, Nosé's single-thermostat approach to simulating Gibbs' canonical ensemble with dynamics samples only a small fraction of the phase space. Nosé's approach has been improved in a series of three steps: [ 1 ] several two-thermostat sets of motion equations have been found which cover the complete phase space in an ergodic fashion; [ 2 ] sets of single-thermostat motion equations, exerting "weak control" over both forces and momenta, have been shown to be ergodic; and [ 3 ] sets of single-thermostat motion equations exerting weak control over two velocity moments provide ergodic phase-space sampling for the oscillator and for the rigid pendulum, but not for the quartic oscillator or for the Mexican Hat potential. The missing fourth step, motion equations providing ergodic sampling for anharmonic potentials requires a further advance. The 2016 Ian Snook Prize will be awarded to the author(s) of the most interesting original submission addressing the problem of finding ergodic algorithms for Gibbs' canonical ensemble using a single thermostat.
I. GIBBS' CANONICAL ENSEMBLE
From Gibbs' 1902 text Elementary Principles in Statistical Mechanics, page 183 : "If a system of a great number of degrees of freedom is microcanonically distributed in phase, any very small part of it may be regarded as canonically distributed." Thus J. Willard Gibbs pointed out that the energy states of a "small" system weakly coupled to a larger "heat reservoir" with a temperature T have a "canonical" distribution : f (q, p) ∝ e −H(q,p)/kT . with the Hamiltonian H(q, p) that of the small system. Here (q, p) represents the set of coordinates and momenta of that system.
" Canonical " means simplest or prototypical. The heat reservoir coupled to the small system and responsible for the canonical distribution of energies is best pictured as an idealgas thermometer characterized by an unchanging kinetic temperature T . The reservoir gas consists of many small-mass classical particles engaged in a chaotic and ergodic state of thermal and mechanical equilibrium with negligible fluctuations in its temperature and pressure. Equilibrium within this thermometric reservoir is maintained by collisions as is 
II. NOSÉ-HOOVER CANONICAL DYNAMICS -LACK OF ERGODICITY
In 1984, with the advent of fast computers and packaged computer graphics software already past, Shuichi Nosé set himself the task of generalizing molecular dynamics to mimic Gibbs' canonical distribution 1,2 . In the end his approach was revolutionary. It led to a new form of heat reservoir described by a single degree of freedom with a logarithmic potential, rather than the infinitely-many oscillators or gas particles discussed in textbooks. Although the theory underlying Nosé's approach was cumbersome Hoover soon pointed out a useful simplification 3,4 : Liouville's flow equation in the phase space provides a direct proof that the "Nosé-Hoover" motion equations are consistent with Gibbs' canonical distribution. Here are the motion equations for the simplest interesting system, a single one-dimensional harmonic
The "friction coefficient" ζ stabilizes the kinetic energy (p 2 /2m) through integral feedback, extracting or inserting energy as needed to insure a time-averaged value of precisely (kT /2) .
The parameter τ is a relaxation time governing the rate of the thermostat's response to thermal fluctuations. In what follows we will set all the parameters and constants (m, κ, k, T, τ ) equal to unity, purely for convenience. Then the Nosé-Hoover equations have the form :
Liouville's phase-space flow equation, likewise written here for a single degree of freedom, is just the usual continuity equation for the three-dimensional flow of a probability density in the (q, p, ζ) phase space :
This approach leads directly to the simple [ NH ] dynamics described above. It is easy to verify that Gibbs' canonical distribution needs only to be multiplied by a Gaussian distribution in ζ in order to satisfy Liouville's equation.
Hoover emphasized that the simplest thermostated system, a harmonic oscillator, does not fill out the entire Gibbs' distribution in (q, p, ζ) space. It is not "ergodic" and fails to reach all of the oscillator phase space. In fact, with all of the parameters ( mass, force constant, Boltzmann's constant, temperature, and relaxation time τ ) set equal to unity only six percent of the Gaussian distribution is involved in the chaotic sea 5 . See Figure 1 the "holes" correspond to two-dimensional tori in the three-dimensional (q, p, ζ) phase space, is due to the close relationship of the Nosé-Hoover thermostated equations to conventional chaotic Hamiltonian mechanics with its infinitely-many elliptic and hyperbolic points. At equilibrium Brańka, Kowalik, and Wojciechowski 8 followed Bulgac and Kusnezov 9,10 in emphasizing that cubic frictional forces, −ζ 3 p, which also follow from a novel Hamiltonian, promote a much better coverage of phase space, as shown in Figure 2 . The many small holes in the p = 0 cross section show that this approach also lacks ergodicity.
A. Joint Control of Two Velocity Moments
Attempts to improve upon this situation led to a large literature with the most useful contributions applying thermostating ideas with two or more thermostat variables 9,10 . An example, applied to the harmonic oscillator, was tested by Hoover and Holian 11 and found to provide all of Gibbs' distribution :
The two thermostat variables (ζ, ξ) together guarantee that both the second and the fourth These last two-thermostat equations appear to be a good candidate for ergodicity, reproducing the second and fourth moments of (q, p, ζ, ξ) within a fraction of a percent. We have not carried out the thorough investigation that would be required to establish their ergodicity as the single-thermostat models are not only simpler but also much more easily diagnosed because their sections are two-dimensional rather than three-dimensional.
IV. SINGLE-THERMOSTAT ERGODICITY
Combining the ideas of "weak control" and the successful simultaneous thermostating of coordinates and momenta 14 led to further trials attempting the weak control of two different kinetic-energy moments 15 . One choice out of the hundreds investigated turned out to be successful for the harmonic oscillator : These three oscillator equations passed all of the following tests for ergodicity :
[ 1 ] The moments p 2 = 1 ; p 4 = 3 ; p 6 = 15 were confirmed.
[ 2 ] The independence of the largest Lyapunov exponent to the initial conditions indicated the absence of the toroidal solutions.
[ 3 ] The separation of two nearby trajectories had an average value of 6 :
(q 1 − q 2 ) 2 + (p 1 − p 2 ) 2 + (ζ 1 − ζ 2 ) 2 = 2 + 2 + 2 = 6 .
[ 4 ] The times spent at positive and negative values of { q, p, ζ } were close to equal.
[ 5 ] The times spent in regions with each of the 3! orderings of the three dependent variables were equal for long times.
These five criteria were useful tools for confirming erogidicity. Evidently weak control is the key to efficient ergodic thermostating of oscillator problems. FIG. 4: Shuichi Nosé ( 1951 -2005 and Ian Snook 
V. A FLY IN THE OINTMENT, THE QUARTIC POTENTIAL
The success in thermostating the harmonic oscillator led to like results for the simple pendulum but not for the quartic potential 15 . See 
VI. CONCLUSIONS -IAN SNOOK PRIZE FOR 2016
It is our intention to reward the most interesting and convincing entry submitted for publication to Computational Methods in Science and Technology ( www.cmst.eu ) prior to 31 January 2017. The 2016 Ian Snook prize of $500 dollars will be presented to the winner in early 2017. An Additional Prize of the same amount will likewise be presented by the Institute of Bioorganic Chemistry of the Polish Academy of Sciences ( Poznan Supercomputing and Networking Center ). We are grateful for your contributions. This work is dedicated to the memories of our colleagues, Ian Snook ( 1945 -2013 ) and Shuichi Nosé ( 1951 -2005 , shown in Figure 4 . 8
